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1. Given that (x — 2) is a factor of the polynomial f(x) = ax® — 10x? + bx — 2 where a and b

are real numbers. If f(x) is divided by (x + 1) the remainder is —24, find the values of a and
b. Hence, find the remainder when f(x) is divided by (2x + 1).

2. Solve the equation 2 cos?x — 1 = sinx for 0 < x < 2m. Give your answer in terms of 7.

3. Find the relative extremum of the curve y = x3 — 4x? + 4x.

4, Car X is travelling east at a speed of 80km/h and car Y is travelling north at 100km/h as shown
in the diagram below. Obtain an equation that describes the rate of change of the distance

between the two cars.

Hence, evaluate the rate of change of the distance between the two cars when car Xis 0.15km

and car Y is 0.08km from P.

CarX
@ > P
CarY
5.  Expand (x + a)(x + b)?, a and b are real numbers with b > 0. Hence, find the values of a and

bif(x +a)(x+b)?=x3—-3x—2.

4 2
Xx*—4x“+5x-1. . .
Express i n the form of partial fractions.

6. (a) Express sin 6x — sin2x in product form. Hence, show that
sin 6x — sin 2x + sin 4x = 4 cos 3x sin 2x cos x.
(b)  Use the resultin (a) to solve
sin 6x — sin 2x + sin4x = sin 2x cos x for 0 < x < 180°.

7. Find the limit of the following, if it exists.

xX+3
a. 3
x—->-3Xx°>+27
. 2x—1
b. lim =
x—>—00 VX4—9
c. lim xi-sx—4
T oxoa Vx-2
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1+e* x<0

8. Given that f(x) = §—+6 0<x<4
c x >4

—-X

Where C is a constant.

a) Determine whether f(x) is continuous at x = 0.

b) Given that f(x) is discontinuous at x = 4, determine the values of C.

c) Find the vertical asymptote of f(x).

9. Consider the parametric equations of the curve
x = cos36 and y = sin3 6,

.. d .
a) Find ﬁ and express your answer in terms of 6.

b) Find the value of Zifx = 2
dx 4

d?%y 1
c) Show that dx? ~ 3cos*0sin@’
d%y bud
Hence, calculate — at 8 = —.
dx? 3
10. (a)

(b) GiventhateY + xy +In(1+2x) =1,x >0

2 2
Show that (e” +x)%+ey(z—z) 4o ___ 4

2
Hence, find the value of % at the point (0,0).

END OF QUESTION PAPER

0<6<2m.

dx  (1+2x)2

Use the first principle to find the derivative of g(x) = V1 — x.
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1. Given that (x — 2) is a factor of the polynomial f(x) = ax® — 10x% + bx — 2 where a and b
are real numbers. If f(x) is divided by (x + 1) the remainder is —24, find the values of a and
b. Hence, find the remainder when f(x) is divided by (2x + 1).
SOLUTION
f(x) = ax® —10x? + bx — 2
F(2) =0 (x — 2) is a factor of f(x) ‘
a(2)®-102)2+b(2)—-2=0
8a—404+2b—-2=0
8a+ 2b =42
da+b =21 s (1)
f(-=1)=-24 ___ f(x) is divided by (x + 1) the remainder is —24 ‘
a(-=1)32 -10(-1?+b(-1) -2 =-24
—a—10—-b—-2=-24
a+b =12 s (2)
1 -(2)
3a=9
a=3
b=9
f(x) =3x3—10x? +9x — 2
(-3)=3(-3) ~10(-3) +5(-3)-2
f 2) 2 2 2
=3(~5)-10(3) 52
- 8 4) 2
_ 3 10 9
8 4 2
75
-8
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2. Solve the equation 2 cos?x — 1 = sinx

SOLUTION

0<x<2m

2 cos?x —1 =sinx
2 (1 —sin?x) —1 =sinx
2 —2sin’x —1=sinx

2sin’x +sinx —1=0

Letu = sinx

2uP4+u—-1=0

Qu-1Du+1)=0

QS 015/2 Session
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for 0 < x < 2m. Give your answer in terms of .

Qu—-1)=0
_1
“=3
. 1
SInx = —
2
. _1(1)_7r
a =Ssn > —6
5 :

=
w]a

3n
T T r==
X—E,TE—E
T 5m
=6 6
T 57 3m
=662
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3. Find the relative extremum of the curve y = x3 — 4x? + 4x.

SOLUTION
y =x3 —4x? + 4x

d
2 3x% —8x + 4
dx

dy
Let — =10
€ dx

3x2 —8x+4=0

Bx—-2)(x—-2)=0

_2 =2
x—3 or X =

Whenx = g

(-4

8 16 8

=27 9 %3
32
27

d?y 2
7= o(5)
=—4 <0 (Max)

2 32
~ The point <§ 57 ) is a relative maximum point.

Whenx =2

y=(2)°-4(2)* +4()
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=8-16+38
=0

d?y
— 2 —6(2) —
dx? 6(2) -8

=4 >0 (Min)

~ The point (2,0) is a relative minimum point.
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4, Car X is travelling east at a speed of 80km/h and car Y is travelling north at 100km/h as shown

in the diagram below. Obtain an equation that describes the rate of change of the distance
between the two cars.
Hence, evaluate the rate of change of the distance between the two cars when car X is 0.15km

and car Y is 0.08km from P.

Car X

CaryY

SOLUTION
dx
de —80 Negative sign as the distance is decreasing.
dy
—=-100

dt

Car X R p
Z
CarY

z? = x% + y?
) dz ) dx +2 dy

Tac T Mae T Var

dz 1 (2 dx dy)
dt  2z\“"de

@ TV ae

dz_l( dx dy)
dt  z
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dx
Whenx = 0.15,y = 0.08, Fri —80,

z2 =x? +y?
z%2 =(0.15)? + (0.08)?

z? = (0.15)% + (0.08)?

z=0.17
dz _ 1( dx + dy)
ar z\%ar "V ar
dz 1
E = m [(0.15)(—80) + (0.08)(—100)]

= —117.647

The rate of change of the distance between the two carsis 117.65km/h
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5. Expand (x + a)(x + b)?, a and b are real numbers with b > 0. Hence, find the values of a and

bif(x +a)(x+b)?> =x3—-3x—2.

x*—4x?+5x—1

Express
P x3-3x-2

in the form of partial fractions.

SOLUTION
(x+a)(x +b)? = (x + a)(x? + 2bx + b?)
= x3 + 2bx? + b?x + ax? + 2abx + ab?
= x3 + (a + 2b)x? + (b? + 2ab)x + ab?
If (x+a)(x+b)2=x3—-3x—2

x3 + (a+2b)x? + (b%? + 2ab)x + ab? = x3 —3x =2

a+2b=0 ceerenerennennnne (1)
b? + 2ab = -3 ceerenerennennnn (2)
ab? = -2 T )
From (1)
a=-2b

b? + 2(-2b)b = =3
b? — 4b* = -3
—3b% = -3

b? =1

b==1

Sinceb >0,b =1

Whenb =1

a=-2(1)
=-2

a=-2, b=1
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x*—4x? +5x -1
x3—-3x—-2

X

x3 — 3x — 2y/x* + 0x3 — 4x2 + 5x — 1

x* —0x3 —3x% — 2x

—x*>+7x -1

x*—4x?>+5x—1 —x*>+7x—-1
=Xt

x3—3x—2 x3—3x—2
B x> —=T7x+1
T G2+ 1)2

x> =7x+1 A B C

G_Dx+1)? x—2 x+1 r1)?2

A+ 1)’ +Bx=2)(x +1) + C(x — 2)
B (x —2)(x + 1)2

x2—7x+1=Ax+1)?+B(x—-2)(x+1)+C(x—2)
Whenx = —1
X2 =7x+1=Ax+1D?*+Bx—-2)(x+1)+C(x—2)

—D?-7(-D)+1=C(-1-2)

9=-3C
C=-3
Whenx = 2

x2—7x+1=Ax+1)?*+Bx—-2)(x+1)+C(x—2)

2)?2-72)+1=42+1)?
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Whenx =0,A=-1,C = -3
> =7x+1=Ax+1)?*+B(x-2)x+ 1D +Clx—-2)
1=A-2B-2C

1=-1-2B-2(-3)

1=5-2B
2B =14
B=2
x* —4x? +5x—1 x2—7x+1
X3-3x—2 (x—2)(x+1)2
B [A 4 B 4 C ]
I PP R (x +1)?
B [—1 N 2 4 -3 ]
T2 x+1 (x+1)2
1 2 3
=x+

x—2_x+1+(x+1)2
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6. (a) Express sin 6x — sin 2x in product form. Hence, show that
sin 6x — sin2x + sin 4x = 4 cos 3x sin 2x cos x.
(b)  Usethe resultin (a) to solve

sin 6x — sin 2x + sin4x = sin 2x cos x for 0 < x < 180°.

SOLUTION
(a)  Express sin 6x — sin 2x in product form. Hence, show that

sin 6x — sin 2x 4+ sin4x = 4 cos 3x sin 2x cos x.

6x + 2x 6x — 2x
sin6x—sin2x=2cos< > )sin( > )

= 2 cos4x sin 2x

sin 6x — sin 2x + sin 4x

= 2 cos 4x sin 2x + sin4x

= 2 cos 4x sin 2x + sin 2(2x)

= 2 cos 4x sin2x + 2 sin 2x cos 2x

= 2 sin 2x (cos 4x + cos 2x)
4x + 2x 4x — 2x
=25in2x[2cos( 5 )cos( . )]

= 2 sin 2x [2 cos 3x cos x|

= 4 cos 3x sin 2x cos x

(b) Use the result in (a) to solve sin 6x — sin 2x + sin 4x = sin 2x cos x.
sin 6x — sin 2x + sin4x = sin 2x cos x
4 cos 3xsin 2x cos x = sin 2x cos x
4 cos3xsin2x cosx —sin2xcosx =0

sin2xcosx (4cos3x—1) =0
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0 <x<180° 0 <x <180°. 0<x<180°
0 <2x <360° 0 < 3x <540°
sin2x =0 cosx =20 4cos3x—1=0
1
3x = —
CoS 3x 2
\ ; - 75.5° l
i ; 900 1
189°  360° ' ; L l 75.5°
a = 75.5°
3x = 75.5°,284.5°,435.5°
x =90°
2x = 0°,180°, 360° x = 25.2°,94.8°,145.2°
x = 0°90°,180°

~x = 0°25.2°,90°,94.8°,145.2°,180°
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7. Find the limit of the following, if it exists.

x+3
a. lim =
x—>—-3Xx°>+27
. 2x—-1
b. xl—>—oo x2-9
c. lim xP-3x—4
T oxo4 Vx-2
SOLUTION
a. lim =22 = |im — 23 P T AL @
x>-3x3+27  x5-3 (x+3)(x2-3x+9)
1 x + 34 x3 + 0x2 + Ox + 27
= lim ———= x3 + 3x% + Ox
i (x2 —3x+9)
—3x2% + 0x + 27
— 1 —3x?% — 9x
(=3)2-3(-3)+9 9x + 27
9x + 27
— 1  ———————
T 27
5 21
g — L —X_—x
b xl—>—oo x2-9 xl—l>r—noo ﬁ 9
X2 x2
2+
X——00
Jitw
| —2
V1
==2
L ox%=3x-4 .. (x-4)(x+1)
¢ }Cl_r)r‘{ V-2 ,l}_rii Vx-2
C (Wx=2)(Vx+2)x+1)
= lim
xX—4 \/E -2
= lirri(\/;+ 2)(x+1)
x—
=(Wa+2)(4+1)
=20
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1+e* x<0
8. Giventhat f(x) = g 0<x<4
c x >4

Where C is a constant.

a) Determine whether f(x) is continuous at x

0.

b) Given that f(x) is discontinuous at x = 4, determine the values of C.

c) Find the vertical asymptote of f(x).

SOLUTION

1+ e* x<0

x+6
0<x<4
3—x

c x> 4

f(x) =

a) Determine whether f(x) is continuous at x

FO)=1+e®=2

lim f(x) = lim 1+ e*
x—0" x—0"

=1+4¢"°

lim f(x) = 2

x-0

Continuity at a point

f(c)defined

lim f(x) exist
xX—C

lim £(x) = £ ()

Since f(0) = lirré f(x) = 2, therefore f(x)is continuous at x = 0.
X—
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b) Given that f(x) is discontinuous at x = 4, determine the values of C.

At x = 4
) . x+6

Jim fG) = lim =
_ 446
T 3—-4
10
-1
=—-10

S0 = i, €
=C
Since f(x)is discontinuous at x = 4, therefore C # —10.

{C:C<-10uUC>-10}

c) Find the vertical asymptote of f(x).

Vertical Asymptote:

3—x=0
x =3

. x+6

lim = —o0
x-3t3 —x

. x+6

lim = o0
x->3"3 —x

~ the vertical asymtote is x = 3.
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9. Consider the parametric equations of the curve

x = cos30 and y=sin36, 0<6<2m.

. .d .
a) Find ﬁ and express your answer in terms of 6.

b) Find the value of Zifx = 2
dx 4

2
¢) Show that %y - !

dx2  3cos*@sinf’

d? 7'[
Hence, calculate —32’ atf =—.
dx 3

SOLUTION

., d .
a) Find ﬁ and express your answer in terms of 6.

x = cos30 y =sin® 0
dx d dy d
- _ 20 Gl 200 .
10 3 cos Hde(COSQ) 70 3sin Qde(sme)
= 3 cos? 6 (—sinf) = 3sin® 6 (cos )
= —3sin 6 cos? 6 = 3 cos O sin? 6
dy dy do
dx do dx
= (3cosOsi 29)( ! )
B Gl 2 —3sinf cos? 9
= 60 (= 555)
(sin ) —cosf
_ sin @
~ cosf
= —tanf
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b) Find the value ofd—y ifx = V2
dx 4

V2
When x = e

X = cos36

cos36 =

k!

I
Basic Angle,a = 1

]
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= —(-1)

2
c¢) Show that 2y - L

——— . Hence, calculate dz—yat ==
dx2?2  3cos*@sing’ ’ dx? 3

d’y d [dy] do
dx?  doldxl dx

- |35 0] -(Sempers)
~laet "Y'\ Z36ino cosz 0

1

e

(=sec® 6) —3sin O cos2 6
3 sec?® 0
~ 3sin 6 cos2 6

1

N cos? 60

3siné cos? @
_ 1
~ 3cos*0sind

o
At 0 = §
d’y 1
dx?  3cos*fsind
_ 1
- 3 cos? (%) sin (%)

=6.16
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10. (a) Use the first principle to find the derivative of g(x) = V1 — x.

(b) GiventhateY + xy +In(1+2x) =1,x >0

2 2
Show that (e? + x) % +e” (Z_D +2 Z_i: - (1;@2 =0

Hence, find the value of % at the point (0,0).
SOLUTION
(@) gx) =V1—x
glx+h)=1-G+h)

glx+h)—gkx)
h

,/1—(x+h —V1—x
0

g'x) = }llil’(l)

h—)

m Vi—x JI-Gth+Vi=x

=i JI—@+h)+VI—x

o [I-G+n]-0-x)
= lim
h_’oh(\/l—(x+h)+\/1—x)

l1-x—h—-14+x

= lim

P (JT G )+ V)
—h
= lim
’HOh(m+m)
= lim
h"O(J —(x+h) +v1—x)
a -1
(VI—G+0) +vI—x)
_ -1
T (VI=x+V1I—x)
_ -1
C2VI—x
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(b) e +xy+In(1+2x) =1

y_+[ dx+y] (1+2x)dx(1+2x)_0

d d
A

1
dx dx+y+(1+2x)(2)=0

A S
¢ dx xdx y (1+2x)

2

dy
y _ _—
(e +x)dx+y+(1+2x)

d

(e +x)—y+y+ 21+2x)"t=0
dx

dx

d d d d d
[(ey+x)7y+_)’<ey_z+1)] +—y—2(1+2x)‘za(1+2x) =0

d dy\?> dyl d
ye<y)+y %

y Z 2 v (2 Ny ()=
(e +x)dx2+ dx dx +dx (1+2x)2() 0
d?y dy\> dy 4
y Z 2oy (Z2 A N\ _
(e +x)dx2+e (dx) +2dx (1+2x)2
At the point (0,0) > x =0, y=10
dy 2
e +0)—=+0+—--==
( )i (1+2(0))
2
(1+0)—+(1) 0
dy
=2
dy
When x = 0, y =0, a_—z
d*y 4
E+0)-=+e’(-2)*+2(-2)——F5=
dx (1+2(0)
d?y 4
(1+0)W+4_4_T_0
d?y
oz
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