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1.

2.

Evaluate [¢tan 20 cos?26 d6.

Given vectors p = 3i — 6j + ak and q = i — 4j + 5k where a and 8 are contants.

a) Find the values of a and § if p and q are parellel.

b) Given @ = 1, find § if p and q are perpendicular.
Given three points P(-3, 2,-1), Q(-2, 4, 5) and R(1, -2, 4). Calculate the area of triangle
PQR.
Determine the vertices and foci of the ellipse 25x% + 4y? — 250x — 16y + 541 = 0.
Sketch the ellipse and lable the focy, center and vertices.

Show that the equation In x + x — 4 = 0 has a root between 1 and 3. From the Newton-

: . . . 5-1 .
Raphson formula, show that iterative equation of the root is x,,,; = W Hence, if
n

the initial value is x; = 2, calculate the root correct to three decimal places.
Show that the line 2y — 5x + 4 = 0 does not intersect the circle x* + y? + 3x — 2y +
2 = 0. Find centre and radius of the circle. Hence, determine the shortest distance

between the line and the circle.

Given the line L: xT_l = y_—_13 = % and the planes m: 2x —y — 2z = 17 and my: —4x —
3y + 5z = 10.
Find

a) The intersection point between L and ;.
b) The acute angle between m; and m,.
c) The parametric equations of the line that passes through the point (2, —1, 3) and

perpendicular to the plance m,.

6x%2—x+7

A X 1 6x%2—x+7
(4-3x)(1+x)2 =1+In2.

Express 0 (4-3x)(1+x)?

in partial fractions. Hence, show that

a) Find the general solution of the differential equation Z—z = y2xe~%*. Give your

answer in the formy = f(x).

dy
=+
dx 1

b) Find the particular solution of the differential equation

X .
chz =1+ x?, given

thaty = 1 whenx = 0.

10. Given the curve y2 = x and the liney = —2x + 1.

a) Determine the points of intersection between the curve and the line.
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b) Sketch the curve and the line on the same axes. Shade the region R bounded by
the curve and the line. Label the points of intersection.

c) Find the area of the region R.

d) Calculate the volume of the solid generated when the region R is rotated 2r

radian about the y-axis.

END OF QUESTION PAPER
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1. Evaluate [¢tan26 cos®26 df.

SOLUTION

T

3 %sin 20
.[ tan 20 cos?26 d6 =j
0

2260 do
o Cos26 €os

T

= f6sin 20 cos 20 d6
0

T

61
=f —=sin 2(20) d6
0 2

s
1 (e
=—f sin40 do
2 ),
1 n
=—§[cos49]8
= ! 47‘[ 4(0
——g{[cos (E)]—[cos ()]}
A 1r 21 A
= 8_cos?)
i1,
-8l 2
11 3
8l 2
_3
16
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2. Given vectors p = 3i — 6j + ak and q = fi — 4j + 5k where « and £ are contants.

a) Find the values of a and § if p and q are parellel.
b) Given @ = 1, find § if p and q are perpendicular.

SOLUTION
p =3i—6j+ak
q = Bi—4j + 5k

a) p and q are parellel 2 px q = 0.

pxq=0
i J k
3 =6 a|=0
B —4 5

(=30 + 4a)i — (15 — aB)j + (=12 + 68)k = 0i + 0j + Ok

—30+4a=0 > =322
4 2
12

—12+4+68=0 >p=2=2

b) Given @ = 1. p and q are perpendicular2 p.q =0
p.q=0
(Bi—6j+k).(Bi—4j+5k)=0

BB+ (=6)(=4) + (1)) =0

36+24+5=0
38 = —29
_-29

B = 3
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3. Given three points P(-3, 2,-1), Q(-2, 4, 5) and R(1, -2, 4). Calculate the area of triangle

PQR.

SOLUTION

P(-3,2,-1) = O0P= -3i+2j—k
Q(-2,4,5) o 00 = —2i+4j+5k

P —

R(1,-2,4) = OR=i-2j+4k

= (—2i+4j+5k)—(-3i+2j—k)

=i+2j+6k
PR = OR — OP

=(i—2j+4k)— (-3i+2j—k)

= 4i — 4j + 5k

ik

POxPR=[1 2 &6
4 —4 5

=(10+24)i—(5—-24)j+ (-4 —-8)k
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= 34i+ 19j — 12k

|PQ x PR| = /(34)2 + (19)% + (-12)2

=+v1661

1
Area = §|PQxPR|

1
= EV 1661

= 20.38 unit?
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4. Determine the vertices and foci of the ellipse 25x2 + 4y? — 250x — 16y + 541 = 0.

Sketch the ellipse and lable the focy, center and vertices.
SOLUTION

25x?% + 4y? — 250x — 16y + 541 =0

25x? — 250x + 4y? — 16y = =541

25(x? — 10x) + 4(y? — 4y) = =541

25 et - 105+ (29— (-210)2] ralr-w(3) - (-;)2] _ st

25[(x = 5)* = (=5)?] + 4[(y — 2)* = (=2)?] = —541
25[(x —5)% — 25] + 4[(y — 2)? — 4] = =541

25(x —5)2 =625+ 4(y —2)? —16 = =541

25(x — 5)% + 4(y — 2)? = —541 + 625 + 16

25(x = 5)2+4(y —2)2 =100

25(x — 5)?
100

4(y —2)* 100
100 100

1

(x=5)? (y=2)*
x5

(x—h)?* (y—-k)?
a? X bz

— 52 _ 22
=21
c=vV21
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Center (h,k) = (5,2)
Vertices,(h,k + b) = (5,2 +5) = (5,7) and (5,—3)

Foci, (b, k £ ¢) = (5,2 £V21) = (5,2 + V21) and (5,2 — v/21)

T T I T
[ 105 I i ! 10.5
'“"I.'
Vi(5,7)
L7 1 7 -
. F1(5, +\/21)
3.5 4 3.5 —
o C(5,2)
0 > 95—
xX
—-3.5 'f -3.5
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5. Show that the equation In x + x — 4 = 0 has a root between 1 and 3. From the Newton-

xn(5—Inxy)

. Hence, if
1+xpn

Raphson formula, show that iterative equation of the root is x,,,; =

the initial value is x; = 2, calculate the root correct to three decimal places.
SOLUTION
Inx+x—-4=0
Let
fx)=Inx+x—4
fH)=mn(1)+(1)-4=-3<0
f(3)=IB3)+(3)—4=0.099 >0

Since f(1) < 0 and f(3) > 0,therefore Inx + x —4 = 0 has root between 1 and 3.

f(x)=Inx+x—4

1
'x)==+1
O
_1+x
N X
£ (%n)
Xn+1 =xn_f,(xn)

Inx, +x, — 4
1+ x,
xn

=xn—

X,(Inx, +x, —4)
1+x,

Xn —

_xy (14 %) —xp(Inxy +x, — 4)
B 1+ x,
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X1+ x, — (nx, +x, —4)]

1+x,

X1+ x, —Inx, —x, +4]
1+x,

_ %[5 —1nx,]

1+x,
x1=2
_A5-In2l e
2T T

_ 2.8712[5 — In2.8712]

X3 = 1+ 2.8712 = 29261
_29261[5 ~In2.9261] __
X4 = 1+ 2.9261 -~
©x =2.926
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6. Show that the line 2y — 5x + 4 = 0 does not intersect the circle x? + y? + 3x — 2y +

2 = 0. Find centre and radius of the circle. Hence, determine the shortest distance

between the line and the circle.
SOLUTION

2y—5x+4=0

5x—4
Y= (1)
X2+ Y24+3x =2y +2=0 i (2)

Substitute (1) into (2)

X2 + (5"2‘4)2 +3x—2 (5"2‘4) +2=0

25x% — 40x + 16
4

x* +

+3x—(Gx—4)+2=0
4x% +25x% —40x + 16+ 12x — 20x + 16 + 8 =0
29x% —48x +40 =0
b? — 4ac = 48?% — 4(29)(40)

=—-2336<0

Since b?> —4ac <0,

therefore 2y — 5x + 4 = 0 does not intersect the circle x2 + y> +3x — 2y +2 =10

2g =3 2f = -2 c=2
3
g=3 f=-1
Chow Choon Wooi
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3
Centre of circle: (—g,—f) = (_E' 1)

radius:r =+/g*>+f?—c

_ \/(%f +(~1)2 -2

2y —5x+4=0

d=CD —r

B |lah + bk + c|
(a)? + (b)?

e () +@m+ @)
- Jorror
7]

4+ 25
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d=CD —r
27 A5
2429 2
=1.39

Chow Choon Wooi Page 14



PSPM 2 QS 025/1 Session 2017/2018

7. Given the line L: xT_l = y_—_f = % and the planes my: 2x —y — 2z = 17 and m,: —4x —
3y + 5z = 10.
Find

a) The intersection point between L and ;.
b) The acute angle between m; and .
c) The parametric equations of the line that passes through the point (2, —1, 3) and

perpendicular to the plance 5.

SOLUTION
x-1_y-38 _z72
a) L T ST T T3 e (1)
mi2x —y—2z=17 ... (2)

From (1), the parametric equation of L:

x =1+ 2t y=3-—t Z=2-3t ... 3)
Substitute (3) into (2)

20 +2t) —3—-t)—-2(2—-3t) =17

2+4t—-3+t—4+6t=17

11t = 22

Substitute (4) into (3)
x=1+2(2); y=3-2 z=2-30)

x=5 y=1 z=—4

Chow Choon Wooi Page 15



PSPM 2 QS 025/1 Session 2017/2018

The intersection point between L and m; is (5,1, —4)

b) my:2x —y—2z=17 -> ng=2i—j—2k
my:—4x — 3y + 5z =10 > n, = —4i—3j+ 5k
n{.n
cosf = Lz
|14||n,|

ny.n, = (2i — j — 2k). (—4i — 3j + 5k)
=2)) + (-1D(-3) + (-2)(5)
=-8+3-10

=—15

Inql = V()2 + (-=1)% + (-2)?

Ing| = V(=492 + (=3)2 + (5)?

=50

ny.n,

|14 |In;|

cosf =

. ~15
3v/50

=—0.7071
8 = cos™1 (-0.7071)
= 135°

s~ 0 =180° — 135° = 45°
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n=—4i—-3j+ 5k

my:—4x — 3y + 5z =10

Parametric equations of line:

X=xq+ta y=y,+tbh zZ=121+1tc
v=n=—-4i—3j+ 5k > a=-4; b=-3; c=5
a=2i—-1j+ 3k > xq1 = 2; vy =-1; z;=3

Lx=2-4t y=-1-3t z=3+5t
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6x2—x+7 1 6x%2—x+7

o3 in partial fractions. Hence, show that o mdx =1+1In2.

8. Express

SOLUTION

6x%>—x+7 B A B C
G-300+202 (=30 U+x T d+22

6x?—x+7  A(1+x)>+B(4—3x)(1+x)+C(4—3x)
(4-3x)1+x)2 (4 —3x)(1 + x)?

6x> —x+7=A1+x)>+B(4—-3x)(1+x) + C(4 — 3x)

Whenx = —1
6x> —x+7=A1+x)?+B(4—-3x)(1+x) + C(4— 3x)
6(-1)2— (-1 +7 = A(1+ (1)) + B(4 = 3(-1))(1 + (-1)) + C(4 — 3(~1))
6+1+7=A4(0%+B(4-3(-1)0)+C(4+3)

14 =7C

When x = g
6x> —x+7=A1+x)?+B(4—-3x)(1+x) + C(4 - 3x)
o5) ~(3)+7=[+ Q)] +ef-3 @I+ G+ cle -3 G)

2

o)) 7=l o[+ (Y] <o
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49 49
3 9

=3 )
~\3/\49
=3

Let A=3,C=2,x=0
6x? —x+7=A1+x)*+B4-3x)(1+x) + C(4 —3x)
7=3(1)?>+B4)(1) +2(4)
7=3+4B +8

4B = —4

6x2—x+7 3 3 1 2
G—300+22 G-30 (+0 (d+x72

6x%2—x+7 h Y 3 1 2 4
(4 —3%)(1 + x)2 x_f(4—3x)_(1+x)+(1+x)2 x

:—fw:—zx)dx—fﬁdx+f2(1+x)‘2dx

2
= —In(4 — 3x) — In(1 + x) — ——
n(4 —3x) —In(1 + x) T+
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1

T oex2—x+7 D =
o G-30@+x2 "

[ 2
—In(4 —3x) = In(1 + x) — ——
_ n(4 —3x) —In(1 + x) Tz,

i 2 2
_ B In(4 —3(1)) — In(1 + (1)) — m] - [— In(4 —3(0)) —In(1 + (0)) — 1+ (O)]

- :— In(1) — In(2) %] - [— In(4) — In(1) — ﬂ
—[0—=1n2—1] = [~In(4) — 0 — 2]
=0—-In2—1+4+1In4+2
=—In2-1+1n22+2

=—In2+4+2ln2+1

=1+1In2
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: . : . . d _ :
9. a) Find the general solution of the differential equation d—z = y2xe~%*, Give your

answer in the formy = f(x).

dy+

b) Find the particular solution of the differential equation T3

X .
+ch =1+ x2, given

thaty = 1 when x = 0.

solution
a) Z—z = yZxe ¥
d
y—}zl = xe % dx
fidy = fxe‘zx dx
y2
Integration by part
fy‘z dy = fxe‘zx dx
1
—; =uv — f vdu

y -2 2
1 _xe & 1 [e_zx] 4
y_ —2 "2l=2]7¢
1 xe—Zx e—2x

—-——= - +c
y -2 4

1 xe® 2

i + —c

y 2 4
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1 2xe™® % 4c
—_ = + o —
y 4 4 4
1 2xe®+e % —4c
y B 4

4

b) 24 2 — 14«2

dx = 1+x2

dy x —
a+(1+x2)y: L+t

P(x) = (1:;2) Q(x) =vV1+ x?

V(x) — efP(x)dx
_ efl_:Cde
_ e%f%dx
_ e%ln(1+x2)

1
— eln(1+x2)7

1
=(1+x%)2

V(x).y = jV(x)Q(x) dx
(1 +x2)2.y = J(1 +x2)2A/1 + 22 dx

1
(1+x2)§.y=f1+x2dx
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3

1 X
(1+x2)7.y=x+?+C

Whenx =0,y =1

3

1 0
(1+02)7.(1)=0+?+C

c=1

3
x
~ The particular solution: y/1+ x? = x + 3 +1
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10. Given the curve y? = x and the liney = —2x + 1.
a) Determine the points of intersection between the curve and the line.
b) Sketch the curve and the line on the same axes. Shade the region R bounded by
the curve and the line. Label the points of intersection.
c) Find the area of the region R.
d) Calculate the volume of the solid generated when the region R is rotated 2r

radian about the y-axis.
SOLUTION
a) y?=xandtheliney = —2x + 1.
yi=x (D
y=-2x+1 e, 2)
Substitute (1) into (2)
y=-2y*+1
2y +y—-1=0

Cy-D@+1=0

y=% or y=-1
x =y?
x:l x=1
4

11
~ The intersection points: (1,—1), (Z'E)
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(b)

- Sl

‘ lZ( 1)3 (1)2

iz [z 2+l

- (=D
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(d) Volume = nf_%l (y__—21)2 - (y?)2dy

1
2y2—2y+1
= [PETREL gy

7'[_—4‘}/5 y3 2y2
s Tz )L
o 1
m[—4y®> y* 2
s T3

[

|

S
N
N| —
N

wu

~ N
N
N

1 |
AT Q) (T S ),
)
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256) (23)}

960

256 + 1472)
960

s
4

(0
( 24+40—240+480>_(
(
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)
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