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1.  Evaluate ∫ tan 2𝜃 𝑐𝑜𝑠22𝜃 𝑑𝜃
𝜋

6
0

. 

2. Given vectors 𝒑 = 3𝒊 − 6𝒋 + 𝛼𝒌 and 𝒒 = 𝛽𝒊 − 4𝒋 + 5𝒌 where 𝛼 and 𝛽 are contants. 

a) Find the values of 𝛼 and 𝛽 if 𝒑 and 𝒒 are parellel. 

b) Given 𝛼 = 1, find 𝛽 if 𝒑 and 𝒒 are perpendicular. 

3. Given three points P(-3, 2, -1), Q(-2, 4, 5) and R(1, -2, 4). Calculate the area of triangle 

PQR. 

4. Determine the vertices and foci of the ellipse 25𝑥2 + 4𝑦2 − 250𝑥 − 16𝑦 + 541 = 0. 

Sketch the ellipse and lable the focy, center and vertices. 

5. Show that the equation ln 𝑥 + 𝑥 − 4 = 0 has a root between 1 and 3. From the Newton-

Raphson formula, show that iterative equation of the root is 𝑥𝑛+1 =
𝑥𝑛(5−ln𝑥𝑛)

1+𝑥𝑛
. Hence, if 

the initial value is 𝑥1 = 2, calculate the root correct to three decimal places. 

6. Show that the line 2𝑦 − 5𝑥 + 4 = 0 does not intersect the circle 𝑥2 + 𝑦2 + 3𝑥 − 2𝑦 +

2 = 0. Find centre and radius of the circle. Hence, determine the shortest distance 

between the line and the circle. 

7. Given the line 𝐿: 
𝑥−1

2
=

𝑦−3

−1
=

𝑧−2

−3
 and the planes 𝜋1: 2𝑥 − 𝑦 − 2𝑧 = 17 and 𝜋2: −4𝑥 −

3𝑦 + 5𝑧 = 10. 

Find 

a) The intersection point between 𝐿 and 𝜋1. 

b) The acute angle between 𝜋1 and 𝜋2. 

c) The parametric equations of the line that passes through the point (2, −1, 3) and 

perpendicular to the plance 𝜋2. 

8. Express 
6𝑥2−𝑥+7

(4−3𝑥)(1+𝑥)2
 in partial fractions. Hence, show that ∫

6𝑥2−𝑥+7

(4−3𝑥)(1+𝑥)2
= 1 + ln 2.

1

0
 

9. a) Find the general solution of the differential equation 
𝑑𝑦

𝑑𝑥
= 𝑦2𝑥𝑒−2𝑥. Give your 

answer in the form 𝑦 =  𝑓(𝑥). 

b) Find the particular solution of the differential equation 
𝑑𝑦

𝑑𝑥
+

𝑥𝑦

1+𝑥2
= √1 + 𝑥2,  given 

that y = 1 when x = 0. 

10. Given the curve 𝑦2 = 𝑥 and the line 𝑦 = −2𝑥 + 1. 

a) Determine the points of intersection between the curve and the line. 
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b) Sketch the curve and the line on the same axes. Shade the region 𝑅 bounded by 

the curve and the line. Label the points of intersection. 

c) Find the area of the region 𝑅. 

d) Calculate the volume of the solid generated when the region 𝑅 is rotated 2𝜋 

radian about the y-axis. 

 

END OF QUESTION PAPER 
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1. Evaluate ∫ tan 2𝜃  𝑐𝑜𝑠22𝜃 𝑑𝜃
𝜋

6
0

. 

SOLUTION 

∫ tan 2𝜃  𝑐𝑜𝑠22𝜃 𝑑𝜃 = ∫
sin 2𝜃

cos 2𝜃
 𝑐𝑜𝑠22𝜃 𝑑𝜃

𝜋
6

0

𝜋
6

0

 

= ∫ sin 2𝜃 cos 2𝜃  𝑑𝜃

𝜋
6

0

 

= ∫
1

2
sin 2(2𝜃)  𝑑𝜃

𝜋
6

0

 

=
1

2
∫ sin 4𝜃  𝑑𝜃

𝜋
6

0

 

= −
1

8
[cos 4𝜃]0

𝜋
6  

= −
1

8
{[cos 4 (

𝜋

6
)] − [cos 4(0)]} 

= −
1

8
[cos

2𝜋

3
− 1] 

= −
1

8
[−
1

2
− 1] 

= −
1

8
[−
3

2
] 

=
3

16
 

 

 

 

 

sin2𝜃 = 2 sin 𝜃 cos 𝜃 

sin𝜃 cos𝜃 =
1

2
sin2𝜃 

sin 2𝜃 cos 2𝜃 =
1

2
sin 2(2𝜃) 
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2. Given vectors 𝒑 = 3𝒊 − 6𝒋 + 𝛼𝒌 and 𝒒 = 𝛽𝒊 − 4𝒋 + 5𝒌 where 𝛼 and 𝛽 are contants. 

a) Find the values of 𝛼 and 𝛽 if 𝒑 and 𝒒 are parellel. 

b) Given 𝛼 = 1, find 𝛽 if 𝒑 and 𝒒 are perpendicular. 

SOLUTION 

𝒑 = 3𝒊 − 6𝒋 + 𝛼𝒌 

𝒒 = 𝛽𝒊 − 4𝒋 + 5𝒌 

a) 𝒑 and 𝒒 are parellel  𝒑 𝒙 𝒒 = 𝟎. 

𝒑 𝒙 𝒒 = 𝟎 

|
𝑖 𝑗 𝑘
3 −6 𝛼
𝛽 −4 5

| = 0 

(−30 + 4𝛼)𝒊 − (15 − 𝛼𝛽)𝒋 + (−12 + 6𝛽)𝒌 = 0𝒊 + 0𝒋 + 0𝒌 

−30 + 4𝛼 = 0   𝛼 =
30

4
=

15

2
 

−12 + 6𝛽 = 0   𝛽 =
12

6
= 2 

b) Given 𝛼 = 1.   𝒑 and 𝒒 are perpendicular 𝒑 . 𝒒 = 𝟎 

𝒑 . 𝒒 = 𝟎 

(3𝒊 − 6𝒋 + 𝒌) . (𝛽𝒊 − 4𝒋 + 5𝒌) = 𝟎 

(3)(𝛽) + (−6)(−4) + (1)(5) = 0 

3𝛽 + 24 + 5 = 0 

3𝛽 = −29 

𝛽 =
−29

3
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3. Given three points P(-3, 2, -1), Q(-2, 4, 5) and R(1, -2, 4). Calculate the area of triangle 

PQR. 

SOLUTION 

P(-3, 2, -1)     𝑂𝑃⃗⃗ ⃗⃗  ⃗ =  −3𝒊 + 2𝒋 − 𝒌 

Q(-2, 4, 5)    𝑂𝑄⃗⃗⃗⃗⃗⃗ =  −2𝒊 + 4𝒋 + 5𝒌 

R(1, -2, 4)    𝑂𝑅⃗⃗ ⃗⃗  ⃗ =  𝒊 − 2𝒋 + 4𝒌 

 

 

 

 

 

𝐴𝑟𝑒𝑎 =  
1

2
|𝑃𝑄⃗⃗⃗⃗  ⃗ 𝑥 𝑃𝑅⃗⃗⃗⃗  ⃗| 

𝑃𝑄⃗⃗ ⃗⃗  ⃗ = 𝑂𝑄⃗⃗⃗⃗⃗⃗ − 𝑂𝑃⃗⃗⃗⃗  ⃗ 

= (−2𝒊 + 4𝒋 + 5𝒌) − (−3𝒊 + 2𝒋 − 𝒌) 

= 𝒊 + 2𝒋 + 6𝒌 

𝑃𝑅⃗⃗⃗⃗  ⃗ = 𝑂𝑅⃗⃗⃗⃗  ⃗ − 𝑂𝑃⃗⃗⃗⃗  ⃗ 

= ( 𝒊 − 2𝒋 + 4𝒌) − (−3𝒊 + 2𝒋 − 𝒌) 

= 4𝒊 − 4𝒋 + 5𝒌 

𝑃𝑄⃗⃗⃗⃗  ⃗ 𝑥 𝑃𝑅⃗⃗⃗⃗  ⃗ = |
𝑖 𝑗 𝑘
1 2 6
4 −4 5

|  

= (10 + 24)𝒊 − (5 − 24)𝒋 + (−4 − 8)𝒌 

P Q 

R 
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= 34𝒊 + 19𝒋 − 12𝒌 

|𝑃𝑄⃗⃗ ⃗⃗  ⃗ 𝑥 𝑃𝑅⃗⃗⃗⃗  ⃗| = √(34)2 + (19)2 + (−12)2 

= √1661 

𝐴𝑟𝑒𝑎 =  
1

2
|𝑃𝑄⃗⃗⃗⃗  ⃗ 𝑥 𝑃𝑅⃗⃗⃗⃗  ⃗| 

=  
1

2
√1661 

= 20.38 𝑢𝑛𝑖𝑡2 
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4. Determine the vertices and foci of the ellipse 25𝑥2 + 4𝑦2 − 250𝑥 − 16𝑦 + 541 = 0. 

Sketch the ellipse and lable the focy, center and vertices. 

SOLUTION 

25𝑥2 + 4𝑦2 − 250𝑥 − 16𝑦 + 541 = 0 

25𝑥2 − 250𝑥 + 4𝑦2 − 16𝑦 = −541 

25(𝑥2 − 10𝑥) + 4(𝑦2 − 4𝑦) = −541 

25 [𝑥2 − 10𝑥 + (
−10

2
)
2

− (
−10

2
)
2

] + 4 [𝑦2 − 4𝑦 + (
−4

2
)
2

− (
−4

2
)
2

] = −541 

25[(𝑥 − 5)2 − (−5)2] + 4[(𝑦 − 2)2 − (−2)2] = −541 

25[(𝑥 − 5)2 − 25] + 4[(𝑦 − 2)2 − 4] = −541 

25(𝑥 − 5)2 − 625 + 4(𝑦 − 2)2 − 16 = −541 

25(𝑥 − 5)2 + 4(𝑦 − 2)2 = −541 + 625 + 16 

25(𝑥 − 5)2 + 4(𝑦 − 2)2 = 100 

25(𝑥 − 5)2

100
+
4(𝑦 − 2)2

100
=
100

100
 

(𝑥 − 5)2

4
+
(𝑦 − 2)2

25
= 1 

(𝑥 − ℎ)2

𝑎2
+
(𝑦 − 𝑘)2

𝑏2
= 1 

ℎ = 5, 𝑘 = 2, 𝑎 = 2, 𝑏 = 5 

𝑐2 = 𝑏2 − 𝑎2 

= 52 − 22 

= 21 

𝑐 = √21 
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𝐶𝑒𝑛𝑡𝑒𝑟 (ℎ, 𝑘) =  (5, 2) 

𝑉𝑒𝑟𝑡𝑖𝑐𝑒𝑠, (ℎ, 𝑘 ± 𝑏) = (5, 2 ± 5) = (5,7) 𝑎𝑛𝑑 (5, −3) 

𝐹𝑜𝑐𝑖, (ℎ, 𝑘 ± 𝑐) = (5, 2 ± √21) = (5, 2 + √21) 𝑎𝑛𝑑 (5, 2 − √21)  

 

 

 

 

 

 

 

C(5, 2) 

𝑽𝟏(𝟓, 𝟕) 

𝑽𝟐(𝟓,−𝟑) 

𝑭𝟐(𝟓,2 −√21) 

𝑭𝟏(𝟓,2 +√21) 
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5. Show that the equation ln 𝑥 + 𝑥 − 4 = 0 has a root between 1 and 3. From the Newton-

Raphson formula, show that iterative equation of the root is 𝑥𝑛+1 =
𝑥𝑛(5−ln𝑥𝑛)

1+𝑥𝑛
. Hence, if 

the initial value is 𝑥1 = 2, calculate the root correct to three decimal places. 

SOLUTION 

ln 𝑥 + 𝑥 − 4 = 0  

Let 

 𝑓(𝑥) = ln 𝑥 + 𝑥 − 4  

𝑓(1) = ln(1) + (1) − 4 = −3 < 0 

𝑓(3) = ln(3) + (3) − 4 = 0.099 > 0 

𝑆𝑖𝑛𝑐𝑒 𝑓(1) < 0 𝑎𝑛𝑑 𝑓(3) > 0, 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 ln 𝑥 + 𝑥 − 4 = 0  ℎ𝑎𝑠 𝑟𝑜𝑜𝑡 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 1 𝑎𝑛𝑑 3.  

 

𝑓(𝑥) = ln 𝑥 + 𝑥 − 4  

𝑓′(𝑥) =
1

𝑥
+ 1 

=
1 + 𝑥

𝑥
 

𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)

𝑓′(𝑥𝑛)
  

= 𝑥𝑛 −
ln 𝑥𝑛 + 𝑥𝑛 − 4 

1 + 𝑥𝑛
𝑥𝑛

 

= 𝑥𝑛 −
𝑥𝑛(ln 𝑥𝑛 + 𝑥𝑛 − 4 )

1 + 𝑥𝑛
 

=
𝑥𝑛(1 + 𝑥𝑛) − 𝑥𝑛(ln 𝑥𝑛 + 𝑥𝑛 − 4 )

1 + 𝑥𝑛
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=
𝑥𝑛[1 + 𝑥𝑛 − (ln 𝑥𝑛 + 𝑥𝑛 − 4 )]

1 + 𝑥𝑛
 

=
𝑥𝑛[1 + 𝑥𝑛 − ln 𝑥𝑛 − 𝑥𝑛 + 4 ]

1 + 𝑥𝑛
 

=
𝑥𝑛[5 − ln 𝑥𝑛]

1 + 𝑥𝑛
 

 

𝑥1 = 2 

𝑥2 =
2[5 − ln 2]

1 + 2
= 2.8712 

𝑥3 =
2.8712[5 − ln 2.8712]

1 + 2.8712
= 2.9261 

𝑥4 =
2.9261[5 − ln 2.9261]

1 + 2.9261
= 2.9263 

 

∴ 𝑥 = 2.926 
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6. Show that the line 2𝑦 − 5𝑥 + 4 = 0 does not intersect the circle 𝑥2 + 𝑦2 + 3𝑥 − 2𝑦 +

2 = 0. Find centre and radius of the circle. Hence, determine the shortest distance 

between the line and the circle. 

SOLUTION 

2𝑦 − 5𝑥 + 4 = 0 

𝑦 =
5𝑥−4

2
    …………………………… (1) 

𝑥2 + 𝑦2 + 3𝑥 − 2𝑦 + 2 = 0  …………………………… (2) 

Substitute (1) into (2) 

𝑥2 + (
5𝑥−4

2
)
2

+ 3𝑥 − 2 (
5𝑥−4

2
) + 2 = 0  

𝑥2 +
25𝑥2 − 40𝑥 + 16

4
+ 3𝑥 − (5𝑥 − 4) + 2 = 0 

4𝑥2 + 25𝑥2 − 40𝑥 + 16 + 12𝑥 − 20𝑥 + 16 + 8 = 0 

29𝑥2 − 48𝑥 + 40 = 0 

𝑏2 − 4𝑎𝑐 =  482 − 4(29)(40) 

= −2336 < 0 

𝑆𝑖𝑛𝑐𝑒 𝑏2 − 4𝑎𝑐 < 0, 

 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒  2𝑦 − 5𝑥 + 4 = 0 does not intersect the circle  𝑥2 + 𝑦2 + 3𝑥 − 2𝑦 + 2 = 0 

 

𝑥2 + 𝑦2 + 3𝑥 − 2𝑦 + 2 = 0 

2𝑔 = 3 2𝑓 = −2  𝑐 = 2 

𝑔 =
3

2
  𝑓 = −1 

 

𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 
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𝐶𝑒𝑛𝑡𝑟𝑒 𝑜𝑓 𝑐𝑖𝑟𝑐𝑙𝑒: (−𝑔, −𝑓) = (−
3

2
, 1) 

𝑟𝑎𝑑𝑖𝑢𝑠: 𝑟 = √𝑔2 + 𝑓2 − 𝑐 

= √(
3

2
)
2

+ (−1)2 − 2 

= √
5

4
 

=
√5

2
 

 

 

 

 

 

 

 

𝑑 = 𝐶𝐷 − 𝑟 

𝐶𝐷 =
|𝑎ℎ + 𝑏𝑘 + 𝑐|

√(𝑎)2 + (𝑏)2
 

=
|(−5) (−

3

2
) + (2)(1) + (4)|

√(2)2 + (−5)2
 

=
|
27
2 |

√4 + 25
 

2𝑦 − 5𝑥 + 4 = 0 

𝐶 (−
3

2
, 1) 

D 
d 

r 
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=
27

2√29
 

 

𝑑 = 𝐶𝐷 − 𝑟 

=
27

2√29
−
√5

2
 

= 1.39 
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7. Given the line 𝐿: 
𝑥−1

2
=

𝑦−3

−1
=

𝑧−2

−3
 and the planes 𝜋1: 2𝑥 − 𝑦 − 2𝑧 = 17 and 𝜋2: −4𝑥 −

3𝑦 + 5𝑧 = 10. 

Find 

a) The intersection point between 𝐿 and 𝜋1. 

b) The acute angle between 𝜋1 and 𝜋2. 

c) The parametric equations of the line that passes through the point (2, −1, 3) and 

perpendicular to the plance 𝜋2. 

SOLUTION 

 

a) 𝐿: 
𝑥−1

2
=

𝑦−3

−1
=

𝑧−2

−3
  ………… (1) 

 𝜋1: 2𝑥 − 𝑦 − 2𝑧 = 17   ………… (2) 

From (1), the parametric equation of L:  

𝑥 = 1 + 2𝑡;  𝑦 = 3 − 𝑡  𝑧 = 2 − 3𝑡 ………… (3) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 (3) 𝑖𝑛𝑡𝑜 (2) 

2(1 + 2𝑡) − (3 − 𝑡) − 2(2 − 3𝑡) = 17 

2 + 4𝑡 − 3 + 𝑡 − 4 + 6𝑡 = 17 

11𝑡 = 22 

𝑡 = 2   ………… (4) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 (4) 𝑖𝑛𝑡𝑜 (3) 

𝑥 = 1 + 2(2);  𝑦 = 3 − 2  𝑧 = 2 − 3(2) 

𝑥 = 5   𝑦 = 1   𝑧 = −4 
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𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐿 𝑎𝑛𝑑 𝜋1 𝑖𝑠 (5, 1, −4) 

 

b) 𝜋1: 2𝑥 − 𝑦 − 2𝑧 = 17   𝒏𝟏 = 2𝒊 − 𝒋 − 2𝒌 

𝜋2: −4𝑥 − 3𝑦 + 5𝑧 = 10   𝒏𝟐 = −4𝒊 − 3𝒋 + 5𝒌 

cos 𝜃 =
𝒏𝟏. 𝒏𝟐
|𝒏𝟏||𝒏𝟐|

 

𝒏𝟏. 𝒏𝟐 = (2𝒊 − 𝒋 − 2𝒌). (−4𝒊 − 3𝒋 + 5𝒌) 

= (𝟐)(−𝟒) + (−𝟏)(−𝟑) + (−𝟐)(𝟓) 

= −𝟖 + 𝟑 − 𝟏𝟎 

= −𝟏𝟓 

|𝒏𝟏| = √(2)2 + (−1)2 + (−2)2 

= 3 

|𝒏𝟏| = √(−4)2 + (−3)2 + (5)2 

= √50 

cos 𝜃 =
𝒏𝟏. 𝒏𝟐
|𝒏𝟏||𝒏𝟐|

 

=
−15

3√50
 

= −0.7071 

𝜃 = 𝑐𝑜𝑠−1 (−0.7071) 

= 135° 

∴ 𝜃 = 180° − 135° = 45° 
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c)  

 

 

 

 

 

𝑷𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒍𝒊𝒏𝒆: 

𝒙 = 𝒙𝟏 + 𝒕𝒂  𝒚 = 𝒚𝟏 + 𝒕𝒃  𝒛 = 𝒛𝟏 + 𝒕𝒄 

 

𝒗 = 𝒏 = −𝟒𝒊 − 𝟑𝒋 + 𝟓𝒌  a=-4;   b= -3;   c=5 

𝒂 = 𝟐𝒊 − 𝟏𝒋 + 𝟑𝒌   𝒙𝟏 = 𝟐;           𝒚𝟏 = −𝟏;         𝒛𝟏 = 𝟑 

∴ 𝒙 = 𝟐 − 𝟒𝒕  𝒚 = −𝟏 − 𝟑𝒕  𝒛 = 𝟑 + 𝟓𝒕 

 

 

 

 

 

𝜋2: −4𝑥 − 3𝑦 + 5𝑧 = 10 

𝒏 = −4𝒊 − 3𝒋 + 5𝒌 

(2, −1,3)) 
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8. Express 
6𝑥2−𝑥+7

(4−3𝑥)(1+𝑥)2
 in partial fractions. Hence, show that ∫

6𝑥2−𝑥+7

(4−3𝑥)(1+𝑥)2
𝑑𝑥 = 1 + ln 2.

1

0
 

SOLUTION 

6𝑥2 − 𝑥 + 7

(4 − 3𝑥)(1 + 𝑥)2
=

𝐴

(4 − 3𝑥)
+

𝐵

(1 + 𝑥)
+

𝐶

(1 + 𝑥)2
 

6𝑥2 − 𝑥 + 7

(4 − 3𝑥)(1 + 𝑥)2
=
𝐴(1 + 𝑥)2 + 𝐵(4 − 3𝑥)(1 + 𝑥) + 𝐶(4 − 3𝑥)

(4 − 3𝑥)(1 + 𝑥)2
 

6𝑥2 − 𝑥 + 7 = 𝐴(1 + 𝑥)2 + 𝐵(4 − 3𝑥)(1 + 𝑥) + 𝐶(4 − 3𝑥) 

𝑊ℎ𝑒𝑛 𝑥 =  −1 

6𝑥2 − 𝑥 + 7 = 𝐴(1 + 𝑥)2 + 𝐵(4 − 3𝑥)(1 + 𝑥) + 𝐶(4 − 3𝑥) 

6(−1)2 − (−1) + 7 = 𝐴(1 + (−1))
2
+ 𝐵(4 − 3(−1))(1 + (−1)) + 𝐶(4 − 3(−1)) 

6 + 1 + 7 = 𝐴(0)2 + 𝐵(4 − 3(−1))(0) + 𝐶(4 + 3) 

14 = 7𝐶 

𝐶 = 2 

 

𝑊ℎ𝑒𝑛 𝑥 =  
4

3
 

6𝑥2 − 𝑥 + 7 = 𝐴(1 + 𝑥)2 + 𝐵(4 − 3𝑥)(1 + 𝑥) + 𝐶(4 − 3𝑥) 

6 (
4

3
)
2

− (
4

3
) + 7 = 𝐴 [1 + (

4

3
)]
2

+ 𝐵 [4 − 3 (
4

3
)] [1 + (

4

3
)] + 𝐶 [4 − 3 (

4

3
)] 

6 (
16

9
) − (

4

3
) + 7 = 𝐴 [

7

3
]
2

+ 𝐵[0] [1 + (
4

3
)] + 𝐶[0] 

32

3
− (

4

3
) +

21

3
=
49

9
𝐴 
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49

3
=
49

9
𝐴 

𝐴 = (
49

3
) (

9

49
) 

= 3 

𝐿𝑒𝑡 𝐴 = 3, 𝐶 = 2, 𝑥 = 0 

6𝑥2 − 𝑥 + 7 = 𝐴(1 + 𝑥)2 + 𝐵(4 − 3𝑥)(1 + 𝑥) + 𝐶(4 − 3𝑥) 

7 = 3(1)2 + 𝐵(4)(1) + 2(4) 

7 = 3 + 4𝐵 + 8 

4𝐵 = −4 

𝐵 = −1 

 

 

6𝑥2 − 𝑥 + 7

(4 − 3𝑥)(1 + 𝑥)2
=

3

(4 − 3𝑥)
−

1

(1 + 𝑥)
+

2

(1 + 𝑥)2
 

 

∫
6𝑥2 − 𝑥 + 7

(4 − 3𝑥)(1 + 𝑥)2
𝑑𝑥 = ∫

3

(4 − 3𝑥)
−

1

(1 + 𝑥)
+

2

(1 + 𝑥)2
𝑑𝑥 

= ∫
3

(4 − 3𝑥)
𝑑𝑥 − ∫

1

(1 + 𝑥)
𝑑𝑥 +∫

2

(1 + 𝑥)2
𝑑𝑥 

= −∫
−3

(4 − 3𝑥)
𝑑𝑥 − ∫

1

(1 + 𝑥)
𝑑𝑥 + ∫2(1 + 𝑥)−2 𝑑𝑥 

= − ln(4 − 3𝑥) − ln(1 + 𝑥) −
2

1 + 𝑥
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∫
6𝑥2 − 𝑥 + 7

(4 − 3𝑥)(1 + 𝑥)2
𝑑𝑥 = [− ln(4 − 3𝑥) − ln(1 + 𝑥) −

2

1 + 𝑥
]
0

11

0

 

= [− ln(4 − 3(1)) − ln(1 + (1)) −
2

1 + 1
] − [− ln(4 − 3(0)) − ln(1 + (0)) −

2

1 + (0)
] 

= [− ln(1) − ln(2) −
2

2
] − [− ln(4) − ln(1) −

2

1
] 

= [0 − ln 2 − 1] − [− ln(4) − 0 − 2] 

= 0 − ln 2 − 1 + ln 4 + 2 

= − ln 2 − 1 + ln 22 + 2 

= − ln 2 + 2ln 2 + 1 

= 1 + ln 2 
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9. a) Find the general solution of the differential equation 
𝑑𝑦

𝑑𝑥
= 𝑦2𝑥𝑒−2𝑥. Give your 

answer in the form 𝑦 =  𝑓(𝑥). 

b) Find the particular solution of the differential equation 
𝑑𝑦

𝑑𝑥
+

𝑥𝑦

1+𝑥2
= √1 + 𝑥2,  given 

that y = 1 when x = 0. 

 

solution 

a) 
𝑑𝑦

𝑑𝑥
= 𝑦2𝑥𝑒−2𝑥 

𝑑𝑦

𝑦2
= 𝑥𝑒−2𝑥 𝑑𝑥 

∫
1

𝑦2
𝑑𝑦 = ∫𝑥𝑒−2𝑥 𝑑𝑥 

∫𝑦−2 𝑑𝑦 = ∫𝑥𝑒−2𝑥 𝑑𝑥 

−
1

𝑦
= 𝑢𝑣 − ∫𝑣𝑑𝑢 

−
1

𝑦
= (𝑥) (

𝑒−2𝑥

−2
) − ∫

𝑒−2𝑥

−2
𝑑𝑥 

−
1

𝑦
=

𝑥𝑒−2𝑥

−2
+
1

2
∫ 𝑒−2𝑥𝑑𝑥 

−
1

𝑦
=

𝑥𝑒−2𝑥

−2
+
1

2
[
𝑒−2𝑥

−2
] + 𝑐 

−
1

𝑦
=

𝑥𝑒−2𝑥

−2
−
𝑒−2𝑥

4
+ 𝑐 

1

𝑦
=
𝑥𝑒−2𝑥

2
+
𝑒−2𝑥

4
− 𝑐 

Integration by part 

 
𝑢 = 𝑥 

𝑑𝑢

𝑑𝑥
=1 

𝑑𝑢 = 𝑑𝑥 

 

 

𝑑𝑣 = ∫𝑒−2𝑥  𝑑𝑥 

𝑣 =
𝑒−2𝑥

−2
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1

𝑦
=
2𝑥𝑒−2𝑥

4
+
𝑒−2𝑥

4
−
4𝑐

4
 

1

𝑦
=
2𝑥𝑒−2𝑥 + 𝑒−2𝑥 − 4𝑐

4
 

𝑦 =
4

2𝑥𝑒−2𝑥 + 𝑒−2𝑥 − 4𝑐
 

 

b) 
𝑑𝑦

𝑑𝑥
+

𝑥𝑦

1+𝑥2
= √1 + 𝑥2 

𝑑𝑦

𝑑𝑥
+ (

𝑥

1 + 𝑥2
) 𝑦 = √1 + 𝑥2 

𝑃(𝑥) = (
𝑥

1+𝑥2
)  𝑄(𝑥) = √1 + 𝑥2 

𝑉(𝑥) = 𝑒∫𝑃(𝑥)𝑑𝑥  

= 𝑒
∫

𝑥
1+𝑥2

𝑑𝑥
 

= 𝑒
1
2∫

2𝑥
1+𝑥2

𝑑𝑥
 

= 𝑒
1
2
ln(1+𝑥2) 

= 𝑒ln(1+𝑥
2)
1
2
 

= (1 + 𝑥2)
1
2 

 

𝑉(𝑥). 𝑦 = ∫𝑉(𝑥)𝑄(𝑥) 𝑑𝑥 

(1 + 𝑥2)
1
2. 𝑦 = ∫(1 + 𝑥2)

1
2. √1 + 𝑥2 𝑑𝑥 

(1 + 𝑥2)
1
2. 𝑦 = ∫1 + 𝑥2 𝑑𝑥 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥). 𝑦 = 𝑄(𝑥) 

𝑎𝑙𝑜𝑔𝑎𝑥 = 𝑥 
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(1 + 𝑥2)
1
2. 𝑦 = 𝑥 +

𝑥3

3
+ 𝐶 

𝑊ℎ𝑒𝑛 𝑥 = 0, 𝑦 = 1 

(1 + 02)
1
2. (1) = 0 +

03

3
+ 𝐶 

𝐶 = 1 

∴ 𝑇ℎ𝑒 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 𝑦√1 + 𝑥2 = 𝑥 +
𝑥3

3
+ 1 
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10. Given the curve 𝑦2 = 𝑥 and the line 𝑦 = −2𝑥 + 1. 

a) Determine the points of intersection between the curve and the line. 

b) Sketch the curve and the line on the same axes. Shade the region 𝑅 bounded by 

the curve and the line. Label the points of intersection. 

c) Find the area of the region 𝑅. 

d) Calculate the volume of the solid generated when the region 𝑅 is rotated 2𝜋 

radian about the y-axis. 

SOLUTION 

a) 𝑦2 = 𝑥 and the line 𝑦 = −2𝑥 + 1. 

𝑦2 = 𝑥    …………. (1) 

𝑦 = −2𝑥 + 1  …………. (2) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 (1) 𝑖𝑛𝑡𝑜 (2) 

𝑦 = −2𝑦2 + 1 

2𝑦2 + 𝑦 − 1 = 0 

(2𝑦 − 1)(𝑦 + 1) = 0 

𝑦 =
1

2
  or   𝑦 = −1 

𝑥 = 𝑦2 

𝑥 =
1

4
    𝑥 = 1 

∴ 𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡𝑠: (1, −1), (
1

4
,
1

2
) 
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(b)  

 

 

(𝑐)  𝐴𝑟𝑒𝑎 =  ∫ (
𝑦 − 1

−2
)

1
2

−1

− (𝑦2)𝑑𝑦 

=  ∫ (
𝑦 − 1 + 2𝑦2

−2
)

1
2

−1

𝑑𝑦 

=  
1

−2
∫ 2𝑦2 + 𝑦 − 1

1
2

−1

𝑑𝑦 

=  
1

−2
[
2𝑦3

3
+
𝑦2

2
− 𝑦]

−1

1
2

 

=  
1

−2
{[
2 (
1
2)

3

3
+
(
1
2)

2

2
− (

1

2
)] − [

2(−1)3

3
+
(−1)2

2
− (−1)]} 

=  
1

−2
{[
1

12
+
1

8
−
1

2
] − [

−2

3
+
1

2
+ 1]} 

𝑦 = −2𝑥 + 1 

𝑦2 = 𝑥 

(1,−1) 

(
1

4
,
1

2
) 
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= 
1

−2
{[
2 + 3 − 12

24
] − [

−4

6
+
3

6
+
6

6
]} 

=  
1

−2
(
−7

24
−
5

6
) 

=  
1

−2
(
−7

24
−
20

24
) 

=  
1

−2
(
−27

24
) 

=  
1

−2
(
−9

8
) 

=  
9

16
 𝑢𝑛𝑖𝑡2 

(d) 𝑉𝑜𝑙𝑢𝑚𝑒 =  𝜋 ∫ (
𝑦−1

−2
)
21

2
−1

− (𝑦2)2𝑑𝑦 

=  𝜋∫
𝑦2 − 2𝑦 + 1

4

1
2

−1

− 𝑦4𝑑𝑦 

=  𝜋∫
𝑦2 − 2𝑦 + 1 − 4𝑦4

4

1
2

−1

𝑑𝑦 

=  
𝜋

4
∫ −4𝑦4 + 𝑦2 − 2𝑦 + 1

1
2

−1

𝑑𝑦 

=  
𝜋

4
[
−4𝑦5

5
+
𝑦3

3
−
2𝑦2

2
+ 𝑦]

−1

1
2

 

=  
𝜋

4
[
−4𝑦5

5
+
𝑦3

3
− 𝑦2 + 𝑦]

−1

1
2

 

= 
𝜋

4

{
 
 

 
 

(

 
 −4(

1
2)

5

5
+
(
1
2)

3

3
− (

1

2
)
2

+ (
1

2
)

)

 
 
− (

−4(−1)5

5
+
(−1)3

3
− (−1)2 + (−1))

}
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= 
𝜋

4
{(
−1

40
+
1

24
−
1

4
+
1

2
) − (

4

5
−
1

3
− 1 − 1)} 

=  
𝜋

4
{(
−24 + 40 − 240 + 480

960
) − (

12 − 5 − 15 − 15

15
)} 

=  
𝜋

4
{(
256

960
) + (

23

15
)} 

=  
𝜋

4
(
256 + 1472

960
) 

=  
𝜋

4
(
1782

960
) 

=  
9

20
𝜋 𝑢𝑛𝑖𝑡3 

 

 

 

 


