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1. Find the area enclosed by the graphy = x + 3andy = x? + 1.
2. Find
a. [B+eMN2+e ) dx
b. fx cos2 — 4x?) dx by using an appropriate substitution method.
3. Given the equation e* = §+ 1.
a. Show that there is a real root between 1 and 2.
b. By using Newton-Raphson method, find the root of the equation correct to three
decimal places, taking 1.5 as the first approximation.
4. Solve the differential equation % = —2y + 3 by using integrating factor method. Express y
in terms of x.
5. Express (3533_52)_2—7(’;3 in the form of partial fraction. Hence, evaluate flz % dx. Give
the answer in the form of a + 1 nb.
6. The Cartesian equation of an ellipse is given by 4x2 + 9y? — 16x + 36y + 16 = 0.

a. Express the Cartesian equation of the ellipse in the standard form.
b. Determine the coordinates of the centre, vertices and foci of the ellipse.

c. Sketch the graph of the ellipse.
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1. Find the area enclosed by the graphy = x + 3andy = x? + 1.

SOLUTION

—> X
y=x+3
Intersection points:
x2+1=x+3
x2—x—-2=0
x+1D)x—-2)=0
x=-1 o x=2
Area = f(x+3)—(x2+1)dx
2
= f—x2+x+2 dx
-1
x3  x? 2
= —?+7+2X]
s -1
[ 23 13 _1\2
_ (3) ( 2(2)] () () 2= 1)
- +4+4] [1+ 2|
1372 3

Chow Choon Wooi Page 3



UPS QS025 Session 2011/2012

2. Find
a. [B+e¥)(2+e™) dx
b. [xcoq2— 4x?) dx by using an appropriate substitution method.

SOLUTION

(a)
f(3 +e)R2+e ™ )dx = f6 +3e ™™ + 2e* + e¥e ¥dx
= f6+3e‘x+26x+e°dx

= f7+3€‘x+23xdx

=7x—3e*+2e*+¢

(b)
f xcoq2 — 4x?) dx

u=2-—4x?

du_ g
dx X
dx = 1d
x = 8x u

1
fxcos(2—4x2)dx = fx cosu(—8—du)

X

1f d
8 cosudu

= —gsim+C

1
—gsi 62 —4x?)+C
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3. Given the equation e* = §+ 1.

a. Show that there is a real root between 1 and 2.
b. By using Newton-Raphson method, find the root of the equation correct to three
decimal places, taking 1.5 as the first approximation.

SOLUTION

(a)

2
=e*—2-1
fo) =ex -~
2
f(1)=el—I—1= —-0.2817<0

2
f2)=e*~5-1=539>0

Since f(1) < 0and f(2) > 0, therefore root lies between 1 and 2.

(b)

2
fx)=e —;—1

, 2 [ s s s s e m e —m———— === 1
f'(x) =e* +2 ! f(x) !
1 Xn+1 = Xn — 7, 1
- x)
2 et f( :
ern ———1 T - | e e e e e —a
xn ‘=;="—
Xn+1 = Xn 2 -
e*n + o
n
xO = 15
el.s_i_l
x; = 1.5 — —25—=1.0999
elS+
(1.5)2
210999 _ 2 1
x, = 1.0999 — — 1099 - 1 0600
210999 2
(1.0999)2
1.06 00___ 2 1
x3 = 1.0600— ———L0600 _ - 1 0601
e1.06 00
(1.06 002

2
e1:06 @ _

-1
x, = 1.0601 — ——— 1060~ =7 0601
e

106 @y %2
(1.06 @)2

~ The rootis 1.060
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4. Solve the differential equation % = —2y + 3 by using integrating factor method. Express y

in terms of x.
SOLUTION
|mT T T T T T T s e e

d | ay _ !
_y=_2y+3 | 2 TPy =0 !
dx _--" 1

_-- 1
dy ozzIIIieeC J
—4+2y=3 ===
dx Y

Integrating factor,
P(x)=2; Q(x)=3

V(x) = efP(x)dx

V(x) = ef2dx = g2x

vww=fvwwwwx
e?*y = f e?* (3)dx

ye?* = 3fezx dx

yesr = > +c

ox 362x
yesr = 5 +c
3e?* c

Y3 e

y=5tce

2x
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. . . 2 3x%-7x+6 .
in the form of partial fraction. Hence, evaluate fl (;T(x;l) dx. Give

3x%2-7x+6
(x—3)2(x+1)
the answer in the form of a + 1 nb.

5. Express

SOLUTION

3x2—-7x+6 A B C
G—32x+D) -3 =37 x+D

3x?—7x+6  A(x—3)(x+1)+B(x+1)+C(x —3)?
(x=3)2(x+1) (x—3)2%(x+1)

3x2-7x+6=A(x—3)(x+1) + B(x + 1)+ C(x — 3)?
When x = 3:
33)2-7(3)+6=B(3+1)
27—-214+6=4B
4B =12
B=3
When x =-1:
3(-1)2-7(-1)+6 =C[(—1) — 3]
16 = 16C
c=1
When x =0, B=3, C=1:
6 =A(—3)(1) +3(1) + 1(-3)?
6=—-34+3+9
34=6

A=2

3x2—-7x+6 2 3 1
G—32x+D -3 x=37 x+D

3x2 —-7x+6 D = 2 3 1 4
x—32Gx+ 1) x_f(x—3)+(x—3)2+(x+1) X
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1 1
=2f dx+3f(x—3)‘2dx+J dx

(x—13) (x+1)

(X—S)_2+1
=21r(x—3)+(3)_—1+11(x+1)
=21 3 3 1 1
=21 rx — )_(x—3)+ x+1)
=1r{x —3)%— 3 +1r(x+1)

(x—3)
= LG = 3%+ D] = —
(x—3)

2

2
3x2 —7x+6 3 ]
(x—3)1;

J (x—3)2(x+1)

dx = [1 (= 3)2(x + 1)] —

3
(1-3)

=[He-92e+ D1- |- [Hia-32a+ v -

3
(2-3)

=[1n?’_ (233) _[“]8_ (153)]
=ln3—lr18—%
S
3 3
=5 +11(5)

Chow Choon Wooi Page 8



UPS QS025 Session 2011/2012

6. The Cartesian equation of an ellipse is given by 4x2 + 9y? — 16x + 36y + 16 = 0.
a. Express the Cartesian equation of the ellipse in the standard form.
b. Determine the coordinates of the centre, vertices and foci of the ellipse.
c. Sketch the graph of the ellipse.

SOLUTION

(a)
4x%+9y2 —16x + 36y +16=10
[4x% — 16x] + [9y? +36y]+16 =0

4[x? — 4x] +9[y? +4y] +16 =0

N NN
4[x2—4x+<5> —(E)]+9[y2+4y+<5) _(E)]+16:0
4[x% —4x + 22— 22]+9[y? +4y +22-22]+16=0
4[(x —2)? — 4] +9[(v +2)2—4]+16 =0
4(x—2)2-16+9(y+2)2-36+16=0
4(x —2)2+9(y +2)2 =36

4(x —2)? N 9(y +2)*> 36

36 36 36
(=22 | O+2)? _
9 4
Compare to
—h 2 —k 2
(b) (x 2) +(y ) _q

a b?

(96—2)2+(y+2)2 B

1

9 4
Centre(h, k) = (2,-2)

c=+5
Vertices = (2+3,-2) = (5,-2);(-1,-2)

Foci= (2++5,-2) = (2+V5,-2);(2-V5,-2)
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(c)

V(-1, -2)
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